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Abstract 

We give a detailed description of the algebraic group Aut(0) of automor- 
phisms of a simple finite dimensional Lie superalgebra q over an algebraically 
closed field k of characteristic 0. We also give a description of the group of 
automorphism of the fe-Lie superalgebra q 0^ R whenever i? is a Noetherian 
domain with trivial Picard group. 

2000 MSG: Primary 17B67. Secondary 17B40, 20G15. 

1 Introduction 

In this article we provide a description of the algebraic group Aut(0) of automor- 
phisms of a finite dimensional simple Lie superalgebra over an algebraically closed 
field k of characteristic 0. The results herein somehow refine and complement those 
of [S] and [GPj . In the Lie algebra case, the group Aut(g) is a split extension of a 
finite constant group (the symmetries of the Dynkin diagram) by a simple group (the 
adjoint group, which is also the connected component of the identity of Aut(0)). By 
contrast, in the super case the analogous extension is not split, and the connected 
component of the identity of Aut(g) need not even be reductive (let alone simple). 

Our approach is to view g as a module over a Levi subalgebra Qq^ of the even 
part of g. We will introduce three subgroups of Aut(g); denoted by Aut(g;gQ'*), 
Aut(g, Ho) and H, which help clarify the nature of Aut(g) and its outer part. These 
subgroups are interesting on their own right, and should prove useful in any future 
classification of multiloop algebras of g via Galois cohomology (See |P4j and |P5j for 
the case of affine Lie algebras, and |GP] for the case of affine Lie superalgebras. See 
also [GiPilj and [GiPi2j for toroidal Lie algebras). 

As another application, we give an explicit description of the group of automor- 
phisms of the (in general infinite dimensional) k-Lie superalgebra g 0^ i? for a large 
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class of commutative ring extensions R/k. This result generalizes the simple Lie 
algebra situation studied in [Plj (which is considerably easier by comparison). Of 
particular interest is the "toroidal case", namely when R = k\tf^, 

2 Notation and conventions 

Throughout k will be an algebraically closed field of characteristic zero. The category 
of associative commutative unital fc-algebras will be denoted by k-alg. If \^ is a vector 
space over k, and R an object of k-alg, we set Vr = V{R) := V <S)k R- For a nilpotent 
Lie algebra a, a finite dimensional a-module M, and A G a*, we denote by the 
subspace of M on which a — A(a) acts nilpotently for every a E a. We have then 

In what follows, q = go©0i will denote a simple finite dimensional Lie superalgebra 
over k (see [K] and |Sch] for details). A Cartan sub superalgebra P) = Pig © t)i of 0; is 
by definition a selfnormalizing nilpotent subsuperalgebra. Then F)o is a Cartan (in 
particular nilpotent) subalgebra of ^ind f)i is the maximal subspace of Qi on which 
f)o acts nilpotently (see Proposition 1 in pSj for the proof). We denote by A = A(g (,) 
the roots of q with respect to i). Thus A = {a e f)g, a 7^ | 0° 7^ 0}. For t G Z/2Z 
we set A^ = {a G f)o I 0" ^ 0}. Then A = Aq U Aj. The root lattice ZA of (g, f)) will 
be denoted by Q{g,t))- 

A linear algebraic group G over k (in the sense of [B] ) can be thought as a smooth 
affine algebraic group (in the sense of |DGj ) via its functor of points Homfc(fc[G], — ). 
We will find both of these points of view useful, and will henceforth refer to them 
simply as "Algebraic Groups" (and trust that the reader will be able at all times to 
understand which of these two viewpoints is being taken). 

Let Autfc(0) be the (abstract) group of automorphisms of 0. We point out that by 
definition, all automorphisms of a Lie superalgebra preserve the given Z/2Z-grading. 
It is clear that Autfc(0) gives rise to a linear algebraic group over k, which we de- 
note by Aut(0), whose functor of points is given by Aut(0)(i?) = Autij(0i?); the 
automorphisms of the i?-Lie superalgebra Qr = Q^k R- 

Recall that there are three types of simple finite dimensional Lie superalgebrasJl] 
We use the notation of [Pen]. 

Type I: si{m\n), ps[(r|r), osp(2|2n), and sp(/) (m 7^ n, r > 2, / > 3). Every 
Lie superalgebra of type I comes equipped with a Z-grading = 0_i © 0o © 0i 
with 00 = 00 and 0i = 0_i © 0i. In addition, 0o is reductive and 0±i are irreducible 
00-modules. 

^These types are not mutually exclusive, and some overlap is indeed present in small rank. 
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Type II: 05p(m|2n), psq(/), F(4), G(3), and D{a) (m ^ 2, / > 3). For these 
Lie superalgebras qq is reductive and is an irreducible gg-i^odule. We set Qi := g^, 
i 0,1. 

Cartan type: W{n), S{m), S'{21), H{r) (n > 2, m > 3, / > 2, r > 5). Every Lie 
superalgebra Q of Cartan type comes equipped with a choice of subspaces Qi for each 
i G Z (see the Appendix for details). The Lie algebra gg is not reductive but admits 
a Z-grading gg = So © 02 © ••• © 02r for which go is reductive. The Lie superalgebra g 
itself, for aU g except g = S'{21), admits a Z-grading g_i ©go © ... ©gs where g_i and 
Qs are irreducible go-modules. Note that the notation g„ for even n is not ambiguous 
(i.e., the same space appears as the degree n component of the Z-gradings of gg and 
of g mentioned above) . 

We thus have a Z-grading go © g2 © ••• © g2r of gg in all cases (r = if g is of 
type I or II). Furthermore, g admits a Z-grading g_i © go © ... © Qs for g of type I or 
Cartan type except for g = S'{21). For convenience, all of the above will be referred 
to as standard Z-gradings. 



3 Structure of q with respect to Qff 

Wc set gQ* := [go, go]. This is the semisimple part of the reductive Lie algebra go, 
and a Levi subalgebra of gg. Henceforth we fix a Cartan subsuperalgebra f) of g for 
which [)ggs := [)g fl go* is a Cartan subalgebra of Qq"^. If gg is reductive, then every 
Cartan subsuperlagebra of g has this property. For the remaining cases, namely when 
g is of Cartan type, the choice of f) is specified in the Appendix. The root system of 
(flo*' ^Sq") *i^^ denoted by Ag^ and the corresponding root lattice by Qgg". We fix 
once and for all a base Ho of Agss. Let p : t)g ^ i)gss be the canonical map (namely 
the transpose of the inclusion f)ggs C f)o)- 

Remcirk 3.1 Assume F C g is an fjg-module (under the adjoint action). Then V 
can be viewed as an f)ggs-module as well. The generalized weight spaces are 
thus defined for both actions. Note that in the last case, i.e., for A G [)ggs, we have 
= {x E V \ [h,x] = \{x)v, all h G i)gff}- Indeed, since f)gss is a Cartan subalgebra 
of the semisimple Lie algebra go"* it acts semisimply on the go'^-module g, hence also 
on V. 

Lemma 3.2 (i) The set of weights of the {Qq^, f)ggs)-moc?uZe g coincides with p(A). 
Moreover, g^^'*^ — {x & g\[h,x] = a{h)x, for all h G flgg"} whenever ck G A. 
(a) The root lattice Qqss is a sublattice ofp{Qg). 
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Proof, (i) Follows from the previous remark. 

(ii) Follows from (i), and the fact that Qq** is a 0Q*-submodule of q. □ 

Remark 3.3 We have three different lattices that define gradings of g: 

• The root lattice Qg of g; 

• The weight lattice P(gg-,(,gg,) of Qq; 

• The sublattice -P(gg^f)gss)(0) := Zp(A) of P{gi^=\ss) generated by the weights of 
the (gg^ ()ggs)-module g. 

We have Q^ss < P(0g^f,^g.)(0) < P{s^f,tj^ss)- Note that P{sff\ss){g) might be a 
proper sublattice of P(Bg^,(,^g,): for example, for g = psq{n), -P(gg^f)ggs)(0) = Qg^^ and 
~ si{n). 

If \^ is a finite dimensional fc-space, and a G GLk{V), then a* G GLk{V*) will 
denote the transpose inverse of a. Thus, under the natural pairing {—, — ): V* xV —>■ 
k we have {a*a,x) = {a,a~^x). 

Lemma 3.4 Assume a G Autfc(g(-R)) stabilizes \)gss and gQ'^{R). Then sta- 
bilizes AqSS . 

So 

Proof. A straightforward calculation shows that (T((gQ'*)'^ ® i?) = (gQ^^Y*^^^ R for 
any root f3 in Agg^. □ 

Lemma 3.5 Let i G Z. Assume ao G p(A) is such that g"° 7^ 0. Then there exists 
a unique a G A with the property that p{a) = ao and g" fl g^ 7^ 0. Moreover, 

=0°ng,. 

Proof. First observe that the spaces g^ are naturally f)ggs -modules, so the notation 

gf is meaningful for all f3 G f)ggs. The inclusion gf*-°^ ^ g° H g^ is obvious for every 
a G A and i G Z. To establish the reverse inclusion, we consider first the case when 
f)o C go- If t)o = ^sif go is semisimple), it is clear that g^^"^ = g" H g, for every 
a G A and i G Z. Let us assume now that go has a nontrivial center 3. In this 
case we fix 2; G 3 such that i = kz and [z, y] = iy whenever y E gi (see Proposition 
1.2.12 in [KJ). Considering g^ as an f)o"module we have that every nonzero xo in gf° 
decomposes as a sum xq = X]aep-i(ao)nA for some G g° fl g^ (recall that the 
action of 1)^=1, on g is semisimple). But since [z, Xa] = ix^ we have a{z) = i. Therefore 
3^0 £ S° n Si! where a G A is determined uniquely by = cto and a{z) = i. In 

particular, g"° C g" fi gj and therefore g'j'° = g" fl g^. If a' G A is another root with 
the properties described in the lemma, then for 7^ x' G g" fl g^ we have [z, x'] = ix' 
and thus a'{z) = i. Hence a' = a. 
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It remains to consider the case when {)o 7^ f^o ("I Soj which is present for q = H{n) 
only. Using the explicit description of t)o provided in the Appendix we see that if 
h e [)o, then h = ho + hn for some ho G figg^ and /in £ = 02 © •••02r (here 
r = [^^])- Let X be a nonzero element in q°'° and let a be any root in A such 
that p{a) = ao- Then the identities a{hn) = and {ad{ho) — a{ho)){x) = imply 
that {ad{h) — a{h))^{x) = {a.d{h„))'^ (x) and, in particular, (ad(/i) — a{h))^{x) G 
02Ar+i © 02Ar+j+2 © ••• from which it follows that x G 0" fl 0j and thus 0"" = 0" fl 0j. 
The uniqueness of a follows from the fact that p is injective on A since f)o = {)gg'= © J)^ 
and a|(,2 = for every a G A. □ 

If i? is a basis of Qg, then p{B) fl Qgg" is not necessarily a basis of Qgg". However, 
this statement is true to some extent as the following result shows. 

Lemma 3.6 Suppose that either q = ps[(2|2), or g ^ H(2k) with g^'^ simple, 
(i) There exists a basis B of Qq for which p{B) fl Agg^ is a base of Ag^^s, 
(a) Every group homomorphism r in Hom((50gs, -R^) can be extended to a group 

homomorphism r in }iom{Qg, R^), i.e., t = t op. 

(ill) IfaeBis such that p{a) G Agg., then n 0o = 0o^°^ = (0g')^^°^. 

Proof, (i) This statement follows by a case-by-case verification. We will use the 
notations and explicit description of the root systems provided in Appendix A of 
[Pen]. 

Case 1: g = ps[(2|2). We set B = {ei - 82,62 - ^i.h - h}- 

Case 2: g = s[{n\l). We set B = [si — £2, ^n-i — £^n, — 5}- 

Case 3: g = osp{m\2n) , m = 1,2. In the case m = 1 we have that A = Aggs. For 
m = 2 we set 5 = {^i - 61, 61 - 62, Sn-i - 5„, 2(5„}. 

Case 4^ = sp{n). Set B = {—2ei,ei — 62, Sn-i — £n}- 

Case 5: g = spq(n). In this case A = Aggs. 

Case 6: g = W{n), S{n), or S'{n) (n = 21 in the last case). Set B = {ei—e2, £n-i — 

Case 7: g = H{21 + 1). We set B = {si — 62, ■■■,£1-1 — £1, £i}- 

The second assertion follows directly from (i). It remains to show (iii). This 
assertion follows from Lemma 13.51 by verifying case by case that 0" H 0o 7^ for 
a E B. This verification is trivial if fio = ^3^0" (see the proof of Lemma [3.51) . In the 
remaining three cases we proceed as follows. 

If g = s[(n|l) then g^>"^j n go = 0o^^' "^'^ is generated by the matrix 

where Eij is the (i, j)-th elementary n x n matrix. 
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If = W{n) then n go = 0o ^ is generated by the derivations D^.^.. 

If g = H{21 + 1), then we use the description of the roots of g provided in the 
Appendix. In particular, we verify that n 0o = Bo^^' is generated by Dj^-r^j, 

and that g^' n go = Bq^^"'' is generated by D^-^ji+i- ^ 

Lemma 3.7 Suppose that g^"^ is not simple and that g ^ ps[(2|2). Then dimg" = 
dimg~" = 1 for every a E A. In addition, there exists a set U of simple roots of A 
such that the root spaces g^", a G 11, generate g. 

Proof. This follows from the classification of the contragredient finite-dimensional 
Lie superalgebras (see §2.5 and Theorem 3 in [K]). □ 



4 Some subgroups of Aut(g) 

In this section we introduce and study an important list of subgroups of Aut(g) for 
each simple Lie superalgebra g. These groups will be used in the next section for 
describing Autfc(g(-R)). 



4.1 The even superadjoint group Gg 

Lemma 4.1 Let G be the Chevalley k-group of simply connected type corresponding 
to . The restriction ad|ggs : g^'^ qKq) adjoint representation of Q, lifts 

uniquely to a morphism Ad : G Aut(g) of linear algebraic groups. 

Proof. Because G is simply connected, there exists a homomorphism Ad : G — 
GL(g) of linear algebraic fc-groups whose differential is ad. The group G is generated 
by the root subgroups, namely by elements exp(2;), where the elements z belong to 
the root spaces of Qq'^ with respect to f)ggs. We have Ad(exp(z)) = exp(ad(z)). Since 
the exp(ad(z)) are automorphisms of the Lie superalgebra g, the result follows. □ 

The image of Ad (in the schematic sense) is denoted by G^'^: For R e k-a\g 
and a G Aut(g)(_R) we have that a G G^'^{R) if and only if there exists an fppf 
extension R/R and an element x G G{R) such that Ad^(x) = a, where a is the image 
of (T under the map Aut(g)(i?) Aut (g)(i?). The homomorphism Ad induces an 
isomorphism between the quotient group G/ker(Ad) and Gg^'^. The structure of Gg^'^ 
is given in Table 1 at the end of the paper. 



6 



4.2 The diagonal subgroup H 

It is easier to describe H via its functor of points. We have H(i?) := Hom(Qg, -R^). 
By definition, an element A in H(i?) fixes [) (S>a; -R pointwise, and acts on ® -R as a 
multiplication by A(a). As an algebraic group, H is a split torus (hence connected). 
In the case of semisimple Lie algebra, H is a Cartan subgroup of adjoint type. 



4.3 The unipotent group N 

The groups N appear only when g is of Cartan type. Details can be found in §6.9 of 
|GP] or in Table 1 at the end. If g is not of Cartan type we set N = 1. For a Cartan 
type Lie superalgebra g we have 

N(i?) := e AutR(g(i?)) | G g2*+2(^)--©g2r(i?), if a; G d2i®R, i = 0, r}. 

Alternatively, N is the unipotent group that corresponds to the nilpotent Lie algebra 
'■= 02 © ••• © fl2r, whenever g 7^ H{21). If g = H{21), then N corresponds to 
H{2lf := H{2lf © kD^^,„^^^ where -D/ := Ylf=i whenever / is in the Grasmann 

(super) algebra A(^i, ...,^2;)- Note that g^ is the radical of go if 7^ W{n), and is the 
radical of [go,0o] H Q = W{n). 

Lemma 4.2 Let g be a Cartan type Lie superalgebra and let o G Aut(g)(i?). Then 
a = aoa-n where an G N(_R) and ctq preserves the standard Z-gradings of qq^R) and 
q{R) (the latter if g ^ S'{2k)). In particular, cro(go(-R)) = go(-R)- 

Proof. This follows from the explicit description of Aut(g) given in §6.9 and Table 
1 of [GPJ. □ 



4.4 The group SL^^' 

Let g = ps[(2|2). Recall (see |GP] . §6.4, for details) that we have a closed embedding 
p : SL2 Aut(g). The image of p will be denoted by SLg"*. We recall for future 
use the explicit nature of p. 

Let V2 be the standard g[2-module. We have that g = g_i © go © gi, where 
go = go ^ st(2) © s[(2), g_i ~ V2 © V2, and gi ~ 1^2 © V2 ■ The go-modules gi and 
g_i are isomorphic and an explicit isomorphism : gi — g-i is determined by the 

linear transformation ip : M.2 ^ ■M.21 where il){E) := —JE^J~^ for J = 

(A^2 is the set of 2 x 2 matrices with entries in k). Then p is given by 

f A B \ f A aB + (3-^(0) 

\C D J ^ \ -ftlj{B) + 6C D 
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where ( " f ) ^ SU{k). 

4.5 The group Aut(0; gg*) 

For a given Lie subalgebra 5 of Qq^, we let Aut(g;s) be the subgroup of Aut(0) 
consisting of those automorphisms that fix all elements of 5. Clearly Aut(0;s) is a 
closed subgroup of Aut(0), hence a linear algebraic group. Its functor of points is 
given by Aut(0;s)(i?) — {cp e AutR{g{R)) \ (p\s(R) — Id}. Our main interest is the 
case when s = 0q*. 

If = ©nez0'i Z-graded, then each X E defines an automorphism S\ e 
Autfc(0) via 5a|0„ '■— A" Id. This yields a closed embedding S : — > Aut(0). Along 
similar fines, if g is Z/mZ-graded, we have a closed embedding S : fjb^ — > Aut(0) 
(this presupposes a choice of primitive mth root of unity in k.) It is clear that for the 
standard Z or Z/2Z gradings of g the resulting closed subgroups S{Gm) or 5(/i2) of 
Aut(0) lie inside Aut(g;gg*). 

If = H{21), we have an extra "additive" group of automorphisms of g which 
we now describe. For a e /c we define an automorphism Ba of A(^i, ^2^)) by 
Ba{^i) '■= + Ci-^{ii---i2i)- This automorphism lifts to an automorphism (5a of Q in 
the standard way: Pa{D) := BaDB~^ for D E Q. Since Ba^Ba^ = Ba^j^a2^ we have 
a closed embedding j3 : Ga — > Aut(g). Furthermore, if A;s^ is the automorphism 
of A(^i, ^2;) corresponding to then one easily checks that /^x{ii) = Xd, and 
therefore 

BaiA^m = AxiB^m = Xd + aA^'-^|-(6...6/)- 

The latter identity easily implies that 6 and f3 commute, and that the resulting 
homomorphism 6 x P : Gm x Ga Aut{Q;gQ^) is injective. 

Lemma 4.3 Let q be a Cartan type Lie superalgebra. The algebraic group N n 
Aut(0; 0g") IS trivial if q ^ H{21). If q ^ H{21), then : G„ ^ N n Aut(5; Qf,') is 
an isomorphism. 

Proof. Let </? e N n Aut(g;gQ*), and let $ be an automorphism of A(n) for which 
ip{D) = Then = $(^(6)) for every D e gff and i = 1, Let 

Hd) =i^ + f^ with deg /. > 3 or = 0. 

Consider first the case q ^ H{n). Then ij-^ G whenever 1 < i ^ j < n which 
leads to the following chain of identities 
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Therefore fj = ^j^, and in particular ^ = for every i ^ j The latter implies that 
fj is a scalar multiple of ^j. Thus fj =0, and therefore $ = Id. 

Let now g = H{n). Then is generated by the elements D^-^^ = ij-^ ^ 
i ^ j. As before, we find 

Therefore fj = D^^^.fi. We now make use of the explicit description of N given in 
|GPj^ to conclude that 

/. = D.Mi) + D,M.) + ... = ^ + ^ + ... 

for some Fj G A(,^i, with degFj = i. In particular = 0, and thus fj = 
—^i^ for every i ^ j. Since /j is a multiple of for every i j, we find that 
fj = Cj^i...^j_i^j+i...,^„ for some constants Cj in k. Because of the parity preserving 
nature of we conclude that Cj = if is odd. 

Suppose now g = H{21). We first rewrite fj as fj = Cj^i...^j_i^j+i...^„ = 
{-iy-^Cj§l- where F := Put aj := (-l)^-!^. Using that fj = aj||, 

fi = ai^^, and = we verify that 



dF _ dfi _ d f dF\ _ _ ^ d dF _ d f dF\ _ dF 



(note that ^j^ = F for every j, and that = fo^' every i and j). Therefore, 

all tti are equal. Let ai = a for some a G k. This implies that = ^i+a^ = -Ba(6) 
as desired. □ 



Proposition 4.4 Let g be a finite dimensional simple Lie superalgebra over k. 

(i) Assume that g is of type I and g ^ ps[(2|2). The map 5 : Gm — > Aut(g; g^^) 
resulting from the standard Z-grading of g is an isomorphism. 

(a) Assume that g is of type II. The map 5 : ^ Aut(g; g^^) resulting from the 
standard 'L/2'L- grading of g is an isomorphism. 

(ill) Ifg = p5[(2|2), then Aut(g; gg^) = SL°"\ 

^More precisely the proof of Lemma 6.2 (ii). The key observation is that the map f ^ Df 
defines an isomorphism from A^*+^(T^) = A^*+^(^i, to the subspace of homomorphisms in 
Hom(V, A^*"'""'^(F)) which leave invariant the form ojn defining H{n). We then sum over all i > 
0, and see that every element of N//(„)(fc) ~ ©j>oA^'(T/) corresponds to an automorphism of 
Aut A(a, of the form f^f + E,>2 Df.J- 
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(iv) If is of Cartan type and Q ^ S'{21), g 7^ -f^(2/), the map 5 : 
Aut(g; Aq'*) resulting from the standard Z-grading of q is an isomorphism. 

(v) If Q = H{21), then 6 x (3 : Gm x Ga ^ Aut(g; gg'^) is an isomorphism. 

(vi) Let Q = S'{21). Then Aut(g;gQ*') ~ fi2> where ^2 corresponds to the group 
Ad(±/) C Autfc(0). 



Proofjfl 

(i) In this case gi and g_i are nonisomorphic irreducible gg^-modules 
show that the closed embedding 6 
Aut(g;g^"). Then (p\g-^ : gi © g_i - 
(because (p fixes Qq^ pointwise) . 

We now show that ip^Qi) — g^. Consider the natural projections 7T±i : Qi (B Q-i — ^ 
Q±i. If (vT-i-i o (p){gi © g_i) = 0, then (p{Q±i) C g^^^^; which is impossible given that 
(f is injective and gi and g_i are nonisomorphic irreducible s-modules. We may 



We must 

Gm Aut(g;gg'') is surjective. Let ip G 
01 © 0-1 is a homomorphism of 0Q*-modules 



) = 01 and (7r_i o ip){gi © 0_i) = g_i. If 
V^)|gi) ^ 0-1 As explained above, this forces 
Thus ker((7r_i o (/})|gj = 0i which implies 



A±i Id for some scalars X±i G . 
1 (because ip fixes gg*), hence that 



therefore assume that (vri o (p){Qi © 0_ 
ker((7r_i o Lp)^^^) = 0, then 0i ~ im((7r_i 
0_i ~ 01 contrary to our assumption. 
95(01) ^ 01- Similarly (p{g-i) = 0_i. 

By Schur's Lemma we conclude that v^ig^^ 
But since [0i,0_i] = go, we obtain that AiA_i 
(p fixes 00- This completes the proof of (i). 

(ii) The reasoning is similar to that of (i) above. 

(iii) It is clear from the definition that SLg"* is a subgroup of Aut(0; 00^*), so (iii) 
comes down to showing that p : SL2 Aut(0; 00^*) is surjective. Let a G Aut(0; 00"*). 
Since we have a go-module isomorphism : 0i — >^ g-i, we may apply Schur's Lemma 
to 7r„icr2_i, TTicrii, 0~^7r_i(7ii, and <p~^7iiai-i, where i±i : g±i g_i © gi and vr-ti : 
0-1 ©01 0±i are the natural inclusions and projections. As a result we obtain that 

A aB + (3^{C) 



a 





B \ 




it 


D J 





that tlj{[B,C]) 



7^(5) + 6C 
i/j{B),'^{C)] and 



D 



for some a, 7, 5 G k. Now using 



a 



B 





C 



cr 



B 




, cr 




C 



1. Therefore a G SL°"* 



we find a6 — — ±. inciciuic u ^ ^±^2 

(iv) and (v) In these cases we use the fact that the standard Z-grading 0_i ©go © 
... ©0s of is such that gj is an irreducible 0o*-module for i = — 1 or s. To see that the 
morphisms are surjective we reason as follows. Let a G Aut(g;gQ**). Using Lemma 
14.21 we find cr„ g N and ctq G Aut(0), such that cro(gj) = gj and a = 0^0^- Therefore 



^The crucial ideas within this proof are due to Serganova [S]. 
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(^nido^) = '^o^'^i&o') C 00 and by the definition of N, cr^igg^ = Id. By Lemma we 
see tliat (T„ = Id if g 7^ H{21) and (T„ = (3a for some a G /c if g = H{21). Replacing a by 
(Tcr^^ if necessary we conclude that cr(gi) = gj. Then by Schur's Lemma for j = —1, r, 
o"|g^ = Aj Id, for some Xj G A;. Now using [gi+i, g_i] = g, for i = r — 1, r — 2, —1 we 
find o"|g. = Aj Id and Aj = Xr{X-iY~\ 

(vi) Let a G Aut(g; Qq^). Again from Lemma l472l we have a = CQCTn, where cr^ G N. 
By appealing to Lemma IT3l and reasoning as in the proof of (iv) above, we conclude 
that a = ao . In the present case however g does not have a standard Z-grading, 
but we get around this point by making use of the explicit description of ctq given in 
Table 1 of [GPj . We have do = Ad(X) for some X G SL2i{k). Since a\gQ = Id then 
X = Id or A = — Id. This completes the proof. □ 

4.6 The group Aut(0,no) 

This group measures the automorphisms of g that induce symmetries of the Dynkin 
diagram of (go'', l^ggO with respect to the chosen base Ho of Aggs. By definition 
Aut(g,no) := {v? G Aut(g) | (^(g^^) = gg^(^([)0..) = f)gg., andv?*(no) = Ho}. 

Proposition 4.5 Let Aut°(g) be the connected component of the identity 0/ Aut(g), 
and let = Aut(g)/Aut°(g) be the corresponding (finite constant) group of con- 
nected components 0/ Aut(g) (see Theorem 4-i in ]GP^ )- 

(i) If a G Aut''(g) is such that ct^Qq'^) = g^'^, then (T|ggs is in the connected com- 
ponent of the identity 0/ Aut(gQ'') (namely the Chevalley group of adjoint type of 

(11) Aut(g, Ho) n Aut°(g) = H(Aut(g; g-) n Aut°(g)) . 

(Hi) The restriction of the canonical map j : Aut(g) to Aut(g,no) is 

surjective. 

Proof, (i) We follow the descriptions of Aut°(g) and Gf"^ provided in Table 1 of 
[GPj and the first table at the end of this paper, respectively. Let a G Aut°(g) be 
such that ct^Qq'^) = Qq"^. We first consider the case when g is of type I or II. Then a is 
a product of three automorphisms: an element ctq of Gg"'^; an element jfc(A) of G^, 
X e (in fact, jfc(A) = 6x); and (in the case g = ps[(2|2)) an element 9 of SL2"*. But 
jfc(A)|ggs = O^gss = Id. On the other hand, the restriction of Gg"'^ to gg'^ is precisely the 
connected component of the identity of Aut(gQ*), from which the assertion follows. 
Let now g be of Cartan type. Then cr = crxcroCTn, where (for g = H{21)) a\ G G^ 
corresponds to the multiplication by A G A;^ in A(2Z) (in fact, a\ = oq G Gg"'*, and 
cr„ G N. Then since a, a\, and uo leave invariant gg*, so it does (T„. Thus cr„|ggs = Id, 
and, as before, we conclude that cr|gS3 = CQigss is in the connected component of the 
identity of Aut(gQ'*). 
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(ii) We first check that H is a subgroup of Aut(0,no). Let cr G H. Since Piggo C 
g° and cr|gO = Id we have that o^\^^^ss = Id. In particular, cr* (Ho) = Ho- Since 

do = f)C ® (©aoeA,g.(0")"") and {f^T" = fl" H go ( this last by Lemma ED we 
see that a acts as a multiplication by a constant X{ao) G on each (go**)""- In 
particular, (j{qq^) C g**. This shows that H C Aut(0,no). 

Clearly H normalizes Aut(0; gg") n Aut°(0). Thus H(Aut(0; gg") n Aut°(0)) is a 
closed subgroup of Aut(g). The inclusion H(Aut(g; gg") n Aut°(0)) C Aut(g, Hq) n 
Aut°(0) is clear because H is connected. Let a G Aut(g,no) fl Aut°(g). By (i) we 
see that is an inner automorphisms of that stabilizes f)ggs and Ho (this last 
via the * action). Thus a\gss = Ad(x)|gss for some x G T, where T is the maximal 
torus of G corresponding to P)ggo. Note that Ad(T) C H. Because H is connected, 
we have H C Aut°(g). Thus Ad(x)~V G Aut(g; g^") fl Aut°(g) as desired. 

(iii) This statement follows by by-case verification. For example, for g = 



si{m\n), we see that the supertransposition ^ '■ y q jj j ^ y j^t J is in 

Aut(g,no), and that j{S) generates F/;. □ 

Corollary 4.6 Aut(g, no)/H(Aut(g; gg^) n Aut°(g)) ^ F^. 

Remark 4.7 We have Aut(g; gg"*) C Aut°(g) for all g 7^ ps(\{n). If g = psq(n), then 
5-1 G Aut(g;gg'') and ^ Aut°(g). 

This follows from a case-by-case verification using the first table in the Appendix. 
If Aut(g; Qq^) is connected there is nothing to proof. Otherwise g is of type II or 
g = S'{21), and Aut(g;gQ*) ~ is generated by the element or Ad(— /). If 
g 7^ psq{n) then 6-1 is of the form Adg(a;) where Adg is the morphism of [GP] used 
to describe Aut°(g)j^ For example, if g = D{a), then x = (1,1, —I)- Furthermore, 
it is easy to check that for g = psq{n), 6^1 = Adg(x) has no solutions for x G SL„. 

5 Abstract automorphisms of q{R) and its univer- 
sal central extension 

Lemma 5.1 Autfc(g(-R)) = Autij(g(/?)) x Autfc(i?). 

Proof. Since g is central and perfect (see Proposition 7.1 in |GPj ). the Lemma 
follows from a superversion of Lemma 4.4 in |ABP] (see also Corollary 2.28 in jBNj ). 
More precisely, for a fc-algebra automorphism ip : g(-R) g(-R) there exists a unique 



^The morphism Ad defined in Lemma |47T|) can roughly be thought as the part of Adg that arises 
from the semisimple part of g. 
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if G Autfc(-R) for which Lp{rx) = if{r)ip{x) for all x G g and r ^ R. It is also evident 
that every element of Autfc(-R) lifts naturally to and element of Autfc(g(-R)). This 
leads to the spht exact sequence 

1 ^ Aut^(g(i?)) ^ Autfc(0(i?)) ^ Autfc(i?) ^ 1. 

□ 

Let G and Ad be as in Lemma I^?T1 The (abstract) group Ad/j G(i?) C Aut(g)(_R) = 
Autij(g(i?)) is in general much smaller than the group of -R-points of the the quotient 
group G/ker(Ad) ~ Gf^. While the group Ad G{R) is quite explicit, Gl^{R) is not. 
The following Theorem shows that, for a large class of objects in k-alg, an explicit 
and concrete description of Autfc(g(-R)) can still be achieved. 

Theorem 5.2 Assume the object R in k-alg is a Noetherian domaii^ with trivial Pi- 
card group (for example R factorial). Then Aut^ (g(i?)) is generated by the subgroups 
Autk{R), AdG{R), Aut(g,no)(i?), N{R), and Aut(g; gg'^)(i?). 

Proof. Let a G Autfc(g(i?)). By Lemma [5.11 we may assume that a G Aut/j(g(i?)). 
Let go = go © g2 © ••• © Q2r be the fixed Z-grading of gg. Using Lemma IT2| we can 
write cr as a product (Tocr„, where o"o(go(-R)) = Qo{R) and cr„. G N{R). Replacing 
a by <Jcr~^, we may then assume that cr(go(-R)) C go(-R). Since gg* = [go, go], "we 
conclude that a{gQ^{R)) C gg'*(i?). Given our assumptions on R, and by taking 
Lemma 14.11 into consideration, we can appeal to the conjugacy theorem of regular 
maximal abelian fc-diagonalizable subalgebras of go^(-R) ( |P2j Theorem l(ii)(a)) for 
the existence of an element of AdG(-R) taking o"(f)ggs) to Pigg^*. We may thus assume 
that cr stabilizes f)ggs. Lemma [3.41 implies that the contragradient automorphism a* 
of f)*ss stabilizes Agg^. By means of the Weyl group of (gp'^, whose elements we 
can recreate as restrictions to P)ggs of elements of AdG(fc), we may further assume 
that a*{Ilo) = Uq. Let m be a maximal ideal of R for which R/xn ~ k. Then 
0" ® 1 G Autij((g ® R) ®R R/m) ~ Autfc(g). Clearly a ® 1, when viewed as an element 
of Aut(g), is in fact an element of Aut(g,no). Let a denote the i?-linear extension 
of this element to Autij(g(i?)). Then, after replacing a by a~^a, we may assume that 
cr fixes Pig^s pointwise, hence that cr stabilizes g" ® for every a in Ag^s (see Lemma 

m- 

We now proceed by by-case reasoning using Lemmas 13.61 and 13.71 

Case 1: g = psl(2|2); or is simple, g ^ H{2k). In this case we use Lemma [331 
(i) and fix a basis B of Qq such that p{B) fl Aggs is a base of Aggs. By multiplying 
a with an element of H(_R) C Aut(g, no)(-R) (see Lemma [^31 (ii)) we may assume 

^Or more generally, that Spec(i?) is connected and admits a rational point. 
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that a fixes a set of generators Cq, of (flo*)^^"'' = 0o H (see Lemma [3^ (hi)), for any 
a E B. Since a is _R-hnear, it fixes Qq'^^R), and thus is in Aut(0; 0q'*)(_R). 

Case 2: is not simple and g 7^ ps[(2|2). Now we use Lemma 1X71 For our 
chosen base H = {ai, 02, a;} of A, we fix Cj G G 0^"% and = [cj,/,]. 

Since the spaces g"* are 1-dimensional, after muhip lying by an element of H(i?) we 
may assume that a fixes e^, /j, and a/. Since these generate g and a is i? linear, we 
have a = Id. 

Case 3: g = H{21), I > 3. In this case using the description of A provided in the 
Appendix we see that g_i fl g" 7^ iff a = ±ei, i = I, Moreover, the spaces 
g_ing^'^' = g^*"{''^*'* are one-dimensional. Multiplying a by an element of H(i?) we may 
assume that (J\g_j^rigH = Id for every 2 = 1,...,/. Let r G i?^ be such that cr\g_j^ns-''i = 
rid (strictly speaking o"|g_j(/j)ng-Ei(i?) = rid). From [go,g-i] = g-i and the fact that 
the spaces g^ fl g", i = —1,0, are at most one-dimensional, we easily conclude that 
^Is-ing-. = ^|0ong-«-. = ^W, = Id, and = r'^Id for every 1 < 

i ^ i <l- This completely determines a G Aut/j (g(i?)) since every automorphism of g 
is uniquely determined by its restriction on g_i (see P]). In order to explicitly express 
a we apply the change of coordinates := -^(^i+v^^+z); '■= -^{ii- V-^ii+i) ■ 
Then -0?;;+; G g_i flg^' and D^. G g_i ng^'+'. In terms of the new coordinates we have 
that (j{D) = aDa^^, where a is the linear automorphism of A(2/)(i?) given by the 



matrix = ^ ^ jj, i.e. a{ri) = A^rj. It then follows that a G Aut(g, no)(-R). 

□ 

Remark 5.3 Let r G i?^, and consider the quadratic extension R = R[r^ of R. 

~ , ~ fr^I \ _ 

Then is finite etale (in fact Galois). Let cr = Ad ( ^ 1^] 6 1. Then a G 



r-2l 



Aut(g)(i?) is such that a stabilizes g(-R) and 5|g(_R) = cr, where cr is the automorphism 
of g(-R) determined by the matrix A„ in Case 4 above. According to Proposition 14. 51 we 
should be able to write a as an i?-point of the product of the groups H and Aut(g; Qq'^). 
The i?-points of the product group are in general a larger group than the naive 

fr^I \ ~ 

product of the _R-points of the respective groups. In fact. Ad I _i I ^ H(_R) 

\ r 2/y 

and 6^1 G Aut(g, gQ'*)(i?), which shows that a is an i?-point of the product group. 



Remark 5.4 Let q{R) be the universal central extension of the k-Lie superalgebra 

q(R). a result of Neher (Corollary 2.8 in [Ni]) implies that Autfc(g(i?)) = Autfe(g(i?)). 
Theorem 15.21 can also be applied to this last group. 
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The following corollary (of the proof) of Theorem 15. 2[ is useful for the repre- 
sentation theory of g(-R) (notably in the case of R = k[t,t~^], which corresponds 
to the untwisted affine Kac-Moody superalgebras). It provides a description of the 
subgroup of the fc-automorphisms of q{R) that leave invariant the category of weight 
{q{R), f)gg^) -modules, i.e., all 0(i?)-modules M for which which M = ^xet^*ss 

Corollary 5.5 Let R he as in Theorem \5.2 . Let T be the maximal torus of G 
corresponding to f)gss. The subgroup of Ant k{Q{R)) consisting of all automorphisms 
a for which cr([)g,f ) = figg'', is generated by Ad(A^G(T))(A;) together with PMtk{R), 
Aut(0,no)(/2), andAut{Q-Ql%R). 

Proof. We may assume that a G Aut/j(0(i?)). The group Ad(Ai'G(T)) accounts for 
the action of the Weyl group used in the proof of Theorem l5.2[ Now if a stabilizes f)ggs, 
we reason as in the proof of Theorem 15.21 to conclude that a belongs to the subgroup 
of Autijg(-R) which is generated by the subgroups prescribed by the Corollary. □ 
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Tables 

1. The groups G^'^'^ and Aut(g; gg^). 





/— ( sad 




ci\{ Tn n 1 


fSL X SL Vf/y X ij ) 






fSL X SL Vf/y X yy 








SLo 




SL //y 




Men (n^ 


SL /u 


M'2 


ost)i2l\2n] I ^ 1 


fS09; X SDo VUo 


H'2 


osp(2|2n) 


(SO2 X SP2J/M2 


Gm 


osp(2/ + l|2n) 


SO2/+I X Sp2„ 


M2 


F(4) 


(Spiny X SL2)//^2 


M2 


G(3) 


G2 X SL2 


M2 




(SL2 X SL2 X SL2)/(At2 X A*2) 


M2 




GL„ 






SL„ 




S'(20 


SL2i 


/^2 


H{21) 


S02i/Ai2 


Ga X Gm 


H{21 + 1) 


S02i+1 


Gm 



2. The groups N. 

Two alternative definitions of the unipotent groups N have been provided in §3. 
The table below gives an explicit description of N in terms of the n-dimensional vector 
space V := k^i © ... © k^n, where ^1, ...,^n are odd variables, i.e. = 0,^i^j = —^j^i 
if i j. Recall that the additive affine group of a finite dimensional fc-space U is 
denoted by Ua, that is Ua = B.omk{S{U*), — ). For the proofs we refer the reader to 
Lemmas 6.1 and 6.2 in [GPj. 






N 


W{n) 


Hom(V, ®i>ih^'V) 


S{n) 


{®i>i{V* ®A'''+^V)/A^'V)a 


S'{n),n = 2l 


{®i>i{V* K^'+^V)/ K^'V)a 


H{n) 
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Appendix: Cartan subsuperalgebras and root systems of the Cartan type 
Lie superalgebras 

We first recall some generalities about the Cartan type Lie superalgebras. By 
W{n) we denote the (super) derivations of the Grassmann algebra A(n) := A(,^i, 
over k. Every element D of W{n) is of the form D = -Pi(^i) •■■) '^")^ where 

by definition -^{^j) = Sij. Both A(n) and W{n) have natural gradings A(n) = 
©^=o^(n)i and W{n) = ®]Z^^W{n)j, where A{n)i := {P(^i, | degP = i} and 

W{n)j := {X]r=i I ^^sPi = J + !}• For Lie subsuperalgebra s of W{n) we 
set Sj : = s n W{n)j. 

In this appendix we will use the following explicit description of the Cartan type 
Lie subsuperalgebras S{n), S'{n), H{n), and H{n), of W{n): 



S{n) 


- Span,] 


\df d df d , ^ w N • . . 1 


S'{n) 


- Span,] 




H{n) 


^ span,] 




H{n) 


= H{n)(£ 





We have also that [Df,Dg] = D^f^^y where {f,g} := (-1)^^^/^^^^ 

In what follows we give an explicit description of specific Cartan subsuperalgebras 
of W{n), S{n), S'{n), and H{n). This description can serve as a complement to the 
root structures provided in Appendix A in [Pen] . 

Case 1: = W{n), n > 2. In this case the elements hi = form a basis for a 
Cartan subsuperalgebra f) of g. In particular, f) = [)o is a subalgebra of go — sK^)- 
The elements in [)g that form the dual basis to hi will be denoted by Si. The root 
system of q is 

A = {Si^ + ... + + ... + Ei^ - Ej I ir ^ is,j ^ ir,0 < k < n - 1,1 < j < n} 

Case 2: Q = S{n), S'{n) (n = 21 in the second case), n > 3. Now we consider the 
Cartan subsuperalgebra f) spanned by hi — hj = ^i^ — have again that 

f) = f)o is a subalgebra of go — sl{n). Denote by Ei the images in f)g of the basis dual 

to hi, El + ... + En = 0. 

The root system of g is 

A = {E^^ + ...+Ei^,Ei^ + ...+Ei^-Ej I ir 7^ is,j ^ irA < k < 72-2,0 < / < 72-1, 1 < j < u} 
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Case 3: g = H{21), I > 3. We fix () to be the Cartan subsuperalgebra of Q spanned 
by tlie elements 



{Din-4iM,+i.-iir+i I 1 < r < Z - 1, 1 < ii < ... < V < 

In this case we have i) — i)o and [)q^ := f) fl go = Span^{Z)g.^.^, | 1 < i < Z} is a 
Cartan subalgebra of Qo — so{2l). Moreover, {)o = f)^^'' ® 1^^, where 1^^ C g^ = ®i>i02i. 
Let /ij := v^^D^.^.^, and set £j to be the basis of (f)o^)* dual to hi, i.e. = Sij 

(note that the choice of £j is meaningful because Q;|f,2 = for every a e A). The root 
system A = Ag U Aj of g is described by 

Case 4- d = -f^(2/ + 1), / > 2. We fix f) to be the Cartan subsuperalgebra of g spanned 
by the elements 

{D^n-4iAn+l-M.l+i^ D^n-4iAn+i-^is+i I < r < l-l, 1 < S < 1,1 < < ... < Ir < I}. 

Now we have f) = l^g ® where fjg is spanned by the elements -0^^^...?^^^;^+;...^^^+;, 
while i)i is spanned by the elements -D^,-^...^,^^,^+(...5j^+,C2i+i- particular, := I)ngo = 
Span^,{D^.5^^; I 1 < -i < /} is a Cartan subalgebra of go — so{2l + 1). Wc have again 
that f)g = f)gss © f)^, where ()^ C g^ = ©i>ig2i. As in Case 3 we set hi := v^^D^.^._^, 
and e with = 5^. Then the root system of g is 

A {^ii ~l~ ... ~l~ £it £ji ... I ir 7^ Jr 7^ jpj 7^ Jp; ^ t, S ^ / j-. 

In what follows we describe the graded root spaces g" fl g^ of g = H(2l) and 
g = H{21 + 1). For this description it is convenient to use the following coordinate 
change: r]i := ^({^ + ^/-^^i+l), rji+i := -^{^i - v/^6+/), V21+1 ■= (the last in 
the case g = H[2l + 1)). Using the new coordinates we have that if g = H{21 + e), 
e = or 1, then D, = + . + ctt^tt^, and {f,g} = 

(' — iWeg/Av^' df dg , df dg , 8/ A 

I ^) \2^i=l ar,,+, ar,i Z^i=l 977, 8,7,+, 8-021+1 dv2l+l J ' 

For / = {ii, if), 1 < < ... < it < /, we set / := {ii+l, ...,it+l), \I\ := ii + ...+it, 
ei := ei^ + ... + eif, and rji := rji^...rji^. Fix now / and J such that I ^ J . For g = H(2l) 
we have that -D,,^?;- e g^^"^-' n g|/|+| j|_|/nj|-i. If / fi J = 0, then the set 

Bi,j := {i^r,,r,KTO |i^n/ = 0,i^nj = 0} 
forms a basis of Q^'~^-' and the set 

Bi,j,i n g^ = {^r,,,,,,-,^ I n / = 0, nj = 0, = ' ~ ^ ~ } 
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forms a basis of fl Qi (we have q'^'~'^' fl 0j 7^ iff i — 1 — |/| — | J| is even). 

In the case of g = H{21 + 1) and I H J = 0, the set Bj^j U B'j j forms a basis of 
g£/-£j^ where 

Furthermore, 0^^"^-' fl Qi has as a basis if i — 1 — |/| — | J| is even and 

:= B'.^j n 0, = I X n 7 = 0, X n J = 0, |X| = iZLHLzHj 

as a basis if i — 1 — 1/1 — I J| is odd. 
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